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2.1 


Additional exercises for Unit F1 


Additional exercises for Unit F1 


Section 1 


Additional Exercise F1 


Determine whether each of the following limits 
exists, and evaluate those limits which do exist. 


3 3 
—1 —1 
(a) lim 2 im Ž (c) lme 
z>1 z— 1 x1 |x — 1| x2 
1 2 
(a) 1 cos(1/x*) 
x—0t zx 
Hint: In part (a), use the identity 


z? — 1 = (x — 1)(z? +g +1). 


Additional Exercise F2 


Determine the following limits. 


z |x| _ 
(a) lim (sine 4.2 *) (b) lim ° : 
x—>0 x z>0 |z] 
3 
iS 


x—1- |x = 1| 


Section 2 


Additional Exercise F3 


Prove that: 
1 
a) = > œ as z > 0 
£ 
b) cotz > co as x — 0% 


c) e” — z —> œ as T — œ 


( 

( 

( 

(d) logxz > —o as x > OF 
(e) x+sinz > co as z > 00 
(f£) z7 400 as z > œ 
(g) 2/* +1 as z > œ 


x? + log x 
x + e” 
In parts (d), (f) and (g), use the identities 


— 0 as z > oo. 
Hint: 
logx = —log(1/z) and a” =exp(zloga). 


In part (h), use the solution to Exercise F9(b) in 
Unit F1. 


Section 3 


Additional Exercise F4 


Use the £-ô definition to prove that each of the 
following functions f is continuous at the given 
point c: 


(a) f(a)=62?-—2, c=-1 

(b) f(x)=2°, c=0 

(c) f(t)=Va, c=4 

(a) f@==, e=1 

Hint: In part (c), use the fact that 


(VE -2)(vE+2) =2—4. 


Additional Exercise F5 


Use the £-ô definition to evaluate 
r? +1 
im . 
z=>—-1 z+ 1 


Section 4 


Additional Exercise F6 


Use Strategy F4 to determine whether each of the 
following functions is uniformly continuous on the 
given interval: 


(a) f(2)=2, I=R 
b) f@=5, T= (0,3 
© Fe) =i T= 10,00) 
(da) fayH=e, I=R. 


Hint: In part (d), you may find it helpful to use 
the inequality e” > 1 + x > x, for x > 0. 


Additional Exercise F7 


Use Theorem F19 to prove that the function in 
Additional Exercise F6(c) is uniformly continuous 
on the interval [—3, 0]. 


Solutions to additional exercises for Unit F1 


Solutions to additional exercises for Unit F1 


Solution to Additional Exercise F1 


(a) The domain of f is R — {1}, so f is defined on 
each punctured neighbourhood of 1. Also, 
g—1 (#2-1)(22+2+4+1) 
tas a 
=z? +e41, fors Al. 
Thus if (xn) is any sequence in R — {1} such that 
£n — 1, then 


x— l1 


f(tn) = £2 +n +1 —>1+1+1=3 asn -> o, 


by the Combination Rules for sequences. Hence 


(b) The presence of the modulus in the 
denominator of 


ea 


suggests that the limit of f(x) as x tends to 1 does 
not exist, because the quotient may behave in a 
different way on either side of 1. 


Therefore, we use the first part of Strategy F1 and 
consider the two sequences 


Tn =l+1/n, yn =l1-—l1/n, n=1,2,.... 


The function is defined on R — {1} and both 
sequences tend to 1 from within R — {1}, but 


1+1/n) —1 
jo y= 2 
\(1+1/n) -1| 
— (14+3/n 4 3/n? + 1/n?)-1 
7 1/n 
=343/n+4+1/n? > 3, as n > o0, 
whereas 
-= (1-1/n)} -1 
P= = =A 
_ (1-3/n43/n? — 1/në)-1 
a 1/n 
= —3 + 3/n — 1/n? > —3, as n > oœ. 
Hence 
r? — 
lim does not exist. 
zl |x — | 


(c) The function z —> e?” is defined and 
continuous on R. Hence, by Theorem F2, 


é 2 
lim e* =e’. 
xr—>2 


(d) The term 1/2? is large near 0, so cos(1/2?) is 
highly oscillatory for x near 0. This suggests that 
this one-sided limit does not exist. Therefore, we 
use the one-sided limit version of the second part 
of Strategy F1. 
Consider the sequence 

1 


V 2NT , 


chosen because 


cos(1/x2) = cos(2nm) = 1, 


Ln = m= 1,2,.:.,5 


forn=1,2,.... 


Then zn > 0 and zn > 0, and 


cos(1/x2) 
= 
Tn 
_ cos(2n7) 
1/v 2nT 
= V 2nT > œ as n —> oo. 
Hence 
1 2 
lim oe) La. does not exist. 
x—0t x 


Solution to Additional Exercise F2 


(a) The function z —> sin z is defined and 
continuous on R. Hence, by Theorem F2, 


lim sin z = sin0 = 0. 
x20 


We also know that 


x0 x 
see Theorem F6(c). Hence, by the Sum Rule, 


x 

; ; e — 
lim (sin r+ 

x 


x0 


H =0+1=1 


(b) We can write 


etl] 


=9(f(x)), 


|x] 


ey 
where f(x) = |x| and g(x) = 2 ! 


Substituting u = f(x) = |x|, and using the fact 
that u is continuous at 0, we have 


u = |z| => 0 as z — o0 
and 


1 
>lasu—0. 


The first proviso to the Composition Rule holds 
because f(x) = |x| 4 0 in Nj(0), for example. 
Thus, by the Composition Rule, 


el—1 


e= 


(c) First, the function 


r3 —1 


>laszx—-0. 


is defined on (—oo, 1). 
Next, for x < 1 we have |x — 1| = 1 — zx, so 
x —1 


f <1. 
I z Or x 


i(“= = (27 +2+1), 


Thus if (xn) lies in (—oo, 1) and £n > 1, then 
flan) = (z2 +2¢,4+1) 9 -(14 
by the Combination Rules for sequences. Hence 


i g—1 
lim = 
Fe |x = 1| 


1+1) = —3, 


—3. 


Solution to Additional Exercise F3 


(a) Let f(x) = zt; then f(x) > 0 for x € R— {0}, 
and 


lim zf = 0, 
x0 


since f is continuous at 0. 


Hence, by the Reciprocal Rule, 


oe >œ axr—-0 
f(x) «4 l 
(b) Let 
f£) = rT = tan z; 
then 
f(x) >0, for0<a< 7/2, 


and f is continuous on (—47, 57) with f(0) = 0, so 
f(z) 30 asx o0”. 


Hence, by the Reciprocal Rule, 


1 
—— =cotr > œ as zt — 0°. 
f(z) 
(c) Let 
1 
Hisa a 


Solutions to additional exercises for Unit F1 


then 
f(x) >0, for x>0, 
since e” > 1 + <x for x > 0, and 
1/e” 0 
f(z) fe =0 a zt > œ, 


=a jer Tan 
by Theorem F13(b) and the Combination Rules. 
Hence, by the Reciprocal Rule, 


= pe 


— T —> OO as row. 


(Alternatively, since e® = 1 + g + g?/2! +--+- , for 
x > 0, we have 

e? — x > x?/2, forz>0, 
so 


e” — r — œ ar o, 


by Theorem F11(a) and part (b) of the Squeeze 
Rule.) 


(d) We can write 
log x = — log(1/x) = g(f (x)), 
where f(x) = 1/x and g(x) = — log z. 
Substituting u = f(x) = 1/z, we have 
u=1/x > œ as z + 0* (Reciprocal Rule), 
glu) = — logu > —oo as u > ov, 
by Theorem F13(c) and the Multiple Rule. 
Thus, by the Composition Rule, 
g(f(x)) =logz 4 -œ as z —> 0”. 
(e) Since 
-l<sinz<1, forzeR, 
we have 
z+sinz>ax2-1, forxeR. 
By Theorem F11(a), we have 
zr-l-w aroun, 
so, by part (b) of the Squeeze Rule, 
xz +sing —> oœ as T —> oo. 
(£) First note that for x > 0, 
x” = exp(z log x) = g(f(z)), 
where f(x) = xlogx and g(x) = exp(z). 
Substituting u = x log x, we have 


u = zlogz > œ as £z — œ, 


by Theorem F13(c) and the Product Rule, and 
exp(u) = e“ 4 co as u— œ, 


by Theorem F13(b). Thus, by the Composition 
Rule, 


g(f(x)) = 2” 4 co as z > oœ. 
(Alternatively, for x > e we have 
pa > e*, 


so we can deduce the result from part (b) of the 
Squeeze Rule and Theorem F13(b).) 


(g) First note that for x > 0, 


2" 0 (Lge) =a 
where f(x) = (log x)/x and g(x) = exp(z). 
Substituting u = (log x)/x, we have 

u = (log x)/x +0 as £ > o, 
by Theorem F13(c), and 

exp(u) =e" > 1 as u —> 0, 


since g is continuous at 0. Thus, by the 
Composition Rule, 


g(f(z)) = r17 > 1 as z> o. 


(h) We have 
z?’ +logx  x°/e” + (logz)/e” 
eHe xz/e” +1 l 


Thus, by the solution to Exercise F9(b) in Unit F1, 
Theorem F13(b) and the Combination Rules, 


0+0 
0+1 


x? + log x 
x + e* 


=0 as z —> oœ. 


Solution to Additional Exercise F4 
(a) The domain of f(x) = 6x? — z is R. 


Let £ > 0 be given. We want to choose ô > 0, in 
terms of £, such that 


|f(x)—f(-1)| < £, for all z with |x+1| < 6. (*) 
We follow the steps in Strategy F3. 
1. First we write 


f(x) — f(-1) = 62? — x — 7 = (x + 1) (6x — 7). 


Solutions to additional exercises for Unit F1 


2. Next we obtain an upper bound for |6x — 7| 
when z is near —1. If |z + 1| < 1, then z lies in 
the interval [—2,0], so (by the Triangle 
Inequality) 

|62 — 7| < |6z| + |—7| = 6|z| +7 
<6x24+7=19. 


3. Hence 
f(x) — f(-1)| < 19Ja + 1|, for |a+1) <1. 
So if |z + 1| < ô, where 0 < 6 <1, then 
f(x) — f(—1)| < 196. 
Thus, if we choose 6 = min{1, ġe}, then 
f(x) — f(-1)| < 196 < e, 
for all x with |x + 1| < ô, 


which proves statement (x). 
Thus f is continuous at the point —1. 
(b) The domain of f(x) = zë is R. 


Let £ > 0 be given. We want to choose 6 > 0, in 
terms of £, such that 


If(x) — FO) < €, (*) 


In this case it is possible to use Strategy F3, but it 
is easier to note that 


for all x with |x| < ô. 


|f(x) — f(0)| <e is equivalent to |r|’ < e. 
Thus, if we choose 6 = ¥/e, then 
|f(x) — f(| = |z|’ < 6° = e, for all x with |z| < ô, 
which proves statement (*). 
Thus f is continuous at the point 0. 
(c) The domain of f(x) = vz is [0, 00). 


Let £ > 0 be given. We want to choose ô > 0, in 
terms of £, such that 


| f(a) — f(4)| < €, for all x with |x — 4| < 6. (x) 
We follow the steps in Strategy F3. 


1. First we use the hint to write 


x—4 
f(a) -HA = VE -25 TS, 
2. Next we obtain an upper bound for 
1 
Ta 


when z is near 4. If |x — 4| < 1, then z lies in the 
interval [3,5], so Vz + 2 > v3 + 2, and thus 
1 | 1 


3. Hence 
f(z) — f(4)| < |z — 4|, for |x- 4] <1. 
So if |z — 4| < ô, where 0 < 6 < 1, then 
f(x) -= f(A < ô. 
Thus, if we choose ô = min{1,¢}, then 
f(x) — f(A) <ô < e, 


for all x with |x — 4| < ô, 
which proves statement (*). 
Thus f is continuous at the point 4. 
(d) The domain of f(x) = 1/x is R — {0}. 


Let £ > 0 be given. We want to choose ô > 0, in 
terms of £, such that 


|f(z)—f(1)| <£, for all z with |x—1] < 6. (x) 
We follow the steps in Strategy F3. 


1. First we write 


2. Next we obtain an upper bound for |—1/z| 
when z is near 1. If |x — 1| < $ (chosen to avoid 
the point 0), then lies in the interval [5, 3], so 
x > 2 and hence 


-ij la 
£ £ 
3. Hence 
f(z) —f()| < 2z- 1|, forje- 1| < 5. 
So if |z — 1| < 6, where 0 < 6 < 4, then 
f(x) — F| < 26. 
Thus, if we choose ô = min{4, $e}, then 
f(x) — FA) < 26 < e, 


for all x with |x — 1| < ô, 


which proves statement (x). 


Thus f is continuous at the point 1. 


Solution to Additional Exercise F5 


The domain of 
r3 +1 
f(z) = 


gtl 
is R — {—1}, so f is defined on each punctured 
neighbourhood of —1. Also, for z 4 —1, 
r? +1 (#+1)(22-2+4+1) 
f(x) = = 
xz+1 


xr+1 
=r —x+1. 
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This suggests that 
lim f(x) = (-1)? = (-1) +1=3, 
z—-1 


so we must prove that 


for each £ > 0, there exists 6 > 0 such that 
| f(x) — 3| < €, for all x with 0 < |x+1| < ô. (x) 


1. First we write, for x Æ —1, 
f(£&)-3=zr°-r+1-3 
== 9729S (z+ 1)(x-— 2). 


2. Next, if |z + 1| < 1, then z lies in the interval 
[—2, 0], so (by the Triangle Inequality) 

g—2|< |¢)+2<242=4. 

3. Hence 

f(x) -—3| <4|2+1|, for0<|r+1) <1. 

So if 0 < |z + 1| < ô, where 0 < ô < 1, then 


f(x) = 3| < 46. 


Thus if we choose 6 = min{1, łe}, then 

| f(x) — 3| < 46 < £, for all x with 0 < |z + 1| < ô, 

which proves statement (*). 
Hence 


lim f(x) = 3. 


xr——1 


Solution to Additional Exercise F6 


(a) We use the first part of Strategy F4. Let € > 0 
be given. For x,y € R, we have 


f(c) -— f(y) =z-y, 
lf(z) — f(y)| = |z — yl. 


Thus, if we choose 6 = £, then whenever x,y € R 
and |x — y| < 6, we have 


If(z) — f) = læ- y| <b =e. 


Hence f is uniformly continuous on R. 


(b) Following the second part of Strategy F4, we 
take £n = 1/(2n) and yn = 1/n, for n =1,2,.... 
Both sequences lie in J = (0,3] and 


1 1 1 
|En wl =l a oe as n > œO, 
1 1 
lf(tn) — f(Yn)| =|- 
É . z y 
| 1 1 
(1/(2n))? (1/n)? 
= 4n? — n? 
=3n?>38, form =—1,2,.... 


Thus, by taking £ = 3 in the second part of 
Strategy F4, we deduce that f is not uniformly 
continuous on (0, 3]. 


(c) We use the first part of Strategy F4. Let € > 0 
be given. For x,y € [0,00), we have 


fle) - fF) = r 
2(x — y) 


(1+) +y) 


Since 1+ x > 1 and 1 +y > 1, for z,y € [0, 00), 


If(x) = F) < 2a — yl, 


Thus, if we choose 6 = že, then whenever 
x,y € [0,00) and |x — y| < 6, we have 


lf (xz) — f(y)| < 2|2 — y| < 26 = e. 


Hence f is uniformly continuous on (0, 00). 


for x,y € [0, co). 


(d) Following the second part of Strategy F4, we 
take £n =n+1/n and yn = n, for n =1,2,.... 
Both sequences lie in J = R and 


(n+1/n)—n=1/n>0 asn > o, 


(En — Ynl 


|f (En) = f (Yn)| = lee — e| 
— erti/n — e” 
= e"(el/” — 1) 


>n x (Lia) =, 
by using the inequality e” > 1 + x > x, for x > 0. 


for n = 1,2,.. 


Thus, by taking £ = 1 in the second part of 
Strategy F4, we deduce that f is not uniformly 
continuous on R. 
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Solution to Additional Exercise F7 


Since f(x) = 2x/(1 + 2) is a rational function, it is 
continuous on its domain R — {—1} and hence on 
the bounded closed interval [—4, 0]. We deduce 
that f is uniformly continuous on [-5, 0], by 
Theorem F19. 


er 
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Additional exercises for Unit F2 


Section 1 


Additional Exercise F8 


Determine, from the definition of differentiable, 
which of the following functions f is differentiable 
at 0. If f is differentiable at 0, then evaluate the 
derivative f’(0). 


x sin(1/x? x 
(a) f(x) = t enh a 
b) fa) => 


Additional Exercise F9 


Use the Glue Rule or Corollary F25 to determine 
which of the following functions f is differentiable 
at the given point c. If f is differentiable at c, then 
evaluate the derivative f’(c). 


—x*, «<0, 

Gy. ah 

E rzi, _ 
(c) n= {Fe i c=1. 


Additional Exercise F10 


Prove that the function 
1, x <0, 
ra- 
cos £, 


x >00, 
is differentiable, and determine the rule of f’. 


Section 2 


Additional Exercise F11 


Verify that the following function is differentiable 
on (—1,00) and determine its derivative, stating 
which rules you use: 


f(x) = log(1 + x) +e” 


Additional Exercise F12 


Find (without justification) the derivatives of the 
following functions. 


Pe. 
@) fe) =Z (we (.00)) 
(b) f(x) =log(sinx) (a € (0,7)) 
(c) f(z) =log(secx+tanz) (x € (—$7, $7) 
(da) f(x) =cothz (x eR- {0}) 


Additional Exercise F13 
Prove that the function 
f(z) =tanhz (#€R) 


has an inverse function f~! that is differentiable on 
(—1,1), and find a formula for (f~)/(z). 


Additional Exercise F14 


Prove that the function 
f(z) =tanz+3x (x € (—$7,$7/)) 

has an inverse function f~t that is differentiable 

on R, and find the value of (f~')’(0). 


Section 3 


Additional Exercise F15 


The function f has domain [—2, 2], and its graph 
consists of four line segments, as shown below. 


Identify any 


(b) minima 


(a) local minima 
(c) local maxima (d) maxima 


of f, and state where these occur. 


Additional Exercise F16 


Use Rolle’s Theorem to show that if 
f(a) = 0° — 3a* + 22 + 22° — 6z + 1, 


then there is a value of c in (1,2) such that 


f'o) =0. 


Additional Exercise F17 


Use Rolle’s Theorem to prove that if p is a 
polynomial and £1, £2,..., £n are distinct zeros 
of p, then p’ has at least n — 1 zeros. 


Additional Exercise F18 


Use Rolle’s Theorem to prove that for any real 
number A, the function 


f(z) = 2 — 3g? +X (xEeR), 
does not have two distinct zeros in [0, 1]. 


Hint: Assume that f has two distinct zeros in 
[0,1], and deduce a contradiction. 


Section 4 


Additional Exercise F19 


Use the Mean Value Theorem to show that if 
f(a) = 22 +22? +z, 
then there is a point c € (0,1) such that f’(c) = 4. 


Additional Exercise F20 


Let f be continuous on [0,2] and differentiable on 
(0,2), with 


f(0)=10 and |f (x)| <3, 
Use the Mean Value Theorem to deduce that 
4< f(2) < 16. 


for x € (0,2). 


Additional Exercise F21 


Consider the function 


f(z) =£ — 22? +a (eR). 


Additional exercises for Unit F2 


(a) Determine those points c such that f’(c) = 0. 


(b) Using the Second Derivative Test, determine 
whether the points c found in part (a) 
correspond to local maxima or local minima, 
and find the values of these local maxima or 
local minima. 


Additional Exercise F22 
Prove the following inequalities. 
1 
(a) logx >1-—-, for x € [1,c) 
x 


(b) 42¥4< 243, for z€ [0,1] 


(c) log(l+2)>a—42*, for x € (0,00) 


Section 5 


Additional Exercise F23 


Use l’Hopital’s Rule to prove that the following 
limits exist, and evaluate them. 


. Ll-cosz 
(a) lim — 
i ea 
x1 x—1 
inh x — . . 
Ot ei 
T0 sin(x?) x—>0 sin £ 


Solutions to additional exercises for Unit F2 


Solutions to additional exercises for Unit F2 


Solution to Additional Exercise F8 


(a) The graph of f is shown below. (This is 
included to aid your understanding — you do not 
need to sketch the graph as part of your solution.) 


We guess that f is not differentiable at 0. 
The difference quotient for f at 0 is 


a(n) = O 
_ hsin(1/h?) — 0 
se 
=sin(1/h?), where h 0. 


First, let (hn) be the null sequence 


hn =1/4/2nr +47, n=0,1,2,..., 


with non-zero terms. Then 
Q(hn) = sin(1/h7) 
= sin(2nr + 57) =1, forn=0,1,2,..., 


so 
Q(hn) 41 as n > oo. 


Next, let (kn) be the null sequence 


kn = 1/4/2nTr + sa, w= 0,1, 2)... 


with non-zero terms. Then 
Q(kn) = sin(1/kn?) 
= sin(2na + 37) =-1, forn=0,1,2,..., 


SO 


Q(kn) > —1 as n > o. 


Thus 
lim Q(hn) = 1# -1 = lim Q(kn). 


n—> oo 
Hence f is not differentiable at 0. 
(b) The difference quotient for f at 0 is 


oo = L-40 


TES 0 
h 


1 
STT where h Æ 0. 
Thus Q(h) > 1 as h > 0. Hence f is differentiable 
at 0, with f’(0) =1 
Solution to Additional Exercise F9 
(a) Let J =R and define 


g(x) =z? (x €R) and A(z)=—2? (x ER). 
Then 

f(x)=g(x), tore <0, 

f(x)= h(x), tore > 0, 


so condition 1 of the Glue Rule holds (with c = 0). 


Furthermore, f(0) = g(0) = h(0) 
condition 2 holds. 


Also, g and h are differentiable with 
g(t) =—22 (x €R) and hi(z) = 32? 


0, so 


(x €R), 


so condition 3 holds. 


Since g/(0) = h’(0) = 0, it follows from the Glue 
Rule that f is differentiable at 0 and f’(0) = 0. 


(b) Let J = R and define 


g(z) =a (ER) and A(z)=2? (rc ER). 
Then 

f(x)=g(x), fore <1, 

fea), tore>1, 


so condition 1 of the Glue Rule holds (with c = 1). 


Furthermore, f(1) = g(1) = A(1) 
condition 2 holds. 


Also, g and h are differentiable with 
g(x)=1 (ER) and h'(x) = 22 


so condition 3 holds. 


1, so 


(x € R), 


10 


Since g'(1) = 1 and h’(1) = 2, we have 
g(1) Æ h'(1). Thus, by the Glue Rule, f is not 
differentiable at 1. 


(c) The function f is not continuous at the 
point 1, since 


f(1) =0, because f(x) = x — x? for z > 1, 
but 

lim f(z) =1, because f(x) = x for x < 1. 

T17 


Thus f is not differentiable at 1, by Corollary F25. 


Solution to Additional Exercise F10 
First, let J = R and define 


g(a) =1 (ZER) 
and 
h(z)=cosx (x ER). 
Then 
f(x)=g(x), torae< o0, 
f(z)= h(x), fore > 0, (x) 


so condition 1 of the Glue Rule holds (with c = 0). 


Furthermore, f(0) = g(0) = h(0) 
condition 2 holds. 


Also, g and h are differentiable with 
g(z)=0 («€R) 


and 


1, so 


h'(x)=-—sing (x€R), 


so condition 3 holds. 
Since g'(0) = h’(0) = 0, it follows from the Glue 
Rule that f is differentiable at 0 and f’(0) = 0. 
Also, by statements (*), 

f@a=¢@) =U, fora <0, 

f(z) =h'(x)=-—sinz, for x> 0, 
since differentiability is a local property. 
Hence f is differentiable, and 

Fe- fp x <0, 


—sinz, «> 0. 


Solution to Additional Exercise F11 


The functions x +> 1+ 2 and «+> 2? are 
differentiable on R, with derivatives x > 1 and 
x > 2x, respectively. 
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Since log is differentiable on R* and 1 + lies in 
Rt whenever x € (—1,00), the function 

xt— log(1 + 2) is differentiable on (—1, 00), with 
derivative x ++ 1/(1+ x), by the Composition 
Rule. 


Since exp is differentiable on R, the function 

x — e” is differentiable on R, with derivative 
2 EN 

xz | 2xre* , by the Composition Rule. 


It follows by the Sum Rule that f is differentiable 


on (—1,00), with derivative 


f'(@) 


= + Qre®. 
x+l1 


Solution to Additional Exercise F12 


(a) 
(x — 1)2x — (x? + 1)1 


f'(x) T (x — 12 
x? — 2r — 
=e (ee) 

(b) 

fae Sma 8" = cotæ (x € (0,7)) 
(c) 

/ 1 2 
f (x)= (sec x tan z + sec” x) 


sec x + tan x 
(« € (4, rn) 
(d) f(x) = coth z = cosh z/sinh z, so 


ra= sinh? z — cosh? x 


= Sec T 


sinh? x 
=——7 = cosech? x 
sinh* x 


Solution to Additional Exercise F13 


The function 


f(x) =tanhz («#€R) 


is continuous and strictly increasing, and 
fR) = (-1,1). 
Also, f is differentiable on R, and 


f'(z) =sech*2 40, forz eR. 


Thus f satisfies the conditions of the Inverse 
Function Rule. Hence f has an inverse function 
f! that is differentiable on (—1, 1). 


If y = f(x) = tanh z, then 
1 1 


sech? x 


(2 € R — {0}). 
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Now, cosh? gz = 1 + sinh? z, so 
1 = sech? z + tanh? x, and hence 


(fy) : i 


~ 1—tanh? x ~ 1— y? 


Replacing the domain variable y by x, we obtain 


(tanh~')! (2) (x € (—1,1)). 


“I gz 


Solution to Additional Exercise F14 


Since both of the functions 
zı tang and gz 3z 


are continuous and strictly increasing on 
(-37, ir), so is their sum f, and 

í 
fF((=37, 37)) =R. 


Also, f is differentiable on (—4z, 57), and 


2 
f'(z) =sec?x+340, forge (—47,$7). 


Thus f satisfies the conditions of the Inverse 
Function Rule. Hence f has an inverse function 
f~! that is differentiable on R. 
Now, f(0) =0. Hence, by the Inverse Function 
Rule, 

1 1 1 


(#7 (0) = FO seor TT 


Solution to Additional Exercise F15 
(a) 0, occurring at 0; 

1, occurring at all points in (1, 2). 

(Note that local minima do not occur at —2 and 2 


because no open interval containing either —2 or 2 
lies in the domain of f.) 


(b) 0, occurring at —2 and 0. 


(Note that a function cannot have more than one 
minimum, but the minimum may occur at more 
than one point.) 

(c) 2, occurring at —1; 

1, occurring at all points in [1, 2). 


(d) 2, occurring at —1. 


Solution to Additional Exercise F16 
Since f is a polynomial function, f is continuous 
on [1,2] and differentiable on (1,2). Also, 

f(1) = —3 and f(2) = —3, so f(1) = f(2). 

Thus f satisfies the conditions of Rolle’s Theorem 


on [1,2], so there exists a point c € (1,2) such that 
file) =0. 
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Solution to Additional Exercise F17 


We can assume that 
Ti < Ey Ke SM Bpl < In. 


Since p is a polynomial function, p is continuous on 
each closed interval [x;, zi+1] and differentiable on 
each (x;,2;41), for i = 1,2,..., n — 1. Also, 

p(zi) = 0 = p(ti+1)- 

Thus p satisfies the conditions of Rolle’s Theorem 
on each interval |z;, 7441]. 


It follows by Rolle’s Theorem that p’ vanishes at 
some point in each interval (x;,2;41). Since there 
are n — 1 such intervals, p’ must have at least n — 1 
Zeros. 


Solution to Additional Exercise F18 


We suppose that f has two zeros, a and b in [0,1], 
with a < b, and deduce a contradiction. 


Since f is a polynomial function, f is continuous 
on [a,b] and differentiable on (a,b). Also, we are 
assuming that f(a) = f(b) = 0. 


Thus f satisfies the conditions of Rolle’s Theorem 
on [a,b], so there exists a point c € (a,b) such that 
fic) =0. 
Now, 

f'(c) = 3c? — 8c = 3c(c — 1). 


Since c € (0,1), it follows that 3c(c — 1) cannot be 
zero. This is the required contradiction. 


Solution to Additional Exercise F19 


Since f(x) = x? + 2x? + zx is a polynomial function, 
f is continuous on [0,1] and differentiable on (0, 1). 
Thus f satisfies the conditions of the Mean Value 
Theorem on [0,1]. Now 

fA)- f0) 4-0 

UAA a O 
1-0 I (+) 
Thus, by the Mean Value Theorem, there exists a 
point c in (0,1) such that f’(c) = 4. 
(Since 

f(x) = 3a7 +4r +1, 
equation (*) can be written as 

fesse +4c+1= 4. 


Thus c = $(—2 + v13), so c = $(V/13 — 2) & 0.54.) 
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Solution to Additional Exercise F20 


The function f satisfies the conditions of the Mean 
Value Theorem on [0,2]. Hence there exists a point 
c € (0,2) such that 


I2-FO _ H 
Since |f’(c)| < 3 and f(0) = 10, we have 
|f(2) — 10| = 2| f (c)| < 6. 
Hence 
—6 < f(2)-10<6, so 4< f(2) <16, 


as required. 


Solution to Additional Exercise F21 


(a) We have 
fi (a) =3r? — 4r +1 
= (3x — 1)(x — 1). 


Thus f'(x) = 0 for « = 4 and 1, so the required 
values of c are i and 1. 


(b) We have 
f(a) = 62 — 4, 
so 
f"(§) =-2<0 and f’(1)=2>0. 
Also, f($) = $ and f(1) =0. 
Since f is a twice differentiable function defined on 
R and f” is continuous on R, it follows from the 


Second Derivative Test that f has a local 
maximum of + at i and a local minimum of 0 at 1. 


Solution to Additional Exercise F22 
In each case we follow the steps in Strategy F7. 
(a) 1. Let 


(Neen (1 2 =| meia: 


Then f is continuous on |1, 00) and differentiable 
on (1,00). 
2. We have 
1 1 x-1 
/ es oy ee 
p= © x? oo 
and f(1) = log1 — 0 = 0. 
Thus f is increasing on [1,00), by the 
Increasing—Decreasing Theorem, so 


f(x) > fQ) =0, 


for x € (1,00), 


for x € [1, 00). 
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Hence 
1 
logx > 1— —, for x € [1,co). 
os 
(b) 1. Let 
f(z) =2+3-424 (2 € (0,1). 


Then f is continuous on [0,1] and differentiable 
on (0, 1). 


2. We have 
f(@)=1-a 4 <0, 
and f(1) =1+3-4=0. 


Thus f is decreasing on [0,1], by the 
Increasing—Decreasing Theorem, so 


for x € (0,1), 


f(x) > f(1) =0, for x € [0,1]. 
Hence 

x+3> 4r", for x€ [0,1]. 
(c) 1. Let 


f(x) =log(1 + z) — (z — 92") (a € [0,00)). 


Then f is continuous on [0,00) and differentiable 
on (0,00). 


2. We have 
1 
/ 
eee ee 
Pa) =z- l-a) 
_1-(1-2?) 
> 14+2 
ee 
>g h for x € (0,00), 


and f(0) = log 1 — 0 = 
It follows that f is strictly increasing on [0, 00), so 
f(z) > f(0) =0, 


Hence 


for x € (0,00). 


log(l+2)>a—- 5x", for x € (0,00). 


Solution to Additional Exercise F23 
(a) Let I = R and define 

f(z) =1-—cosz and g(z)=2? (xe€R). 
Then f and g are differentiable, and 

f(0) = g(0) = 0. 


Thus f and g satisfy the conditions of l’H6pital’s 
Rule at 0. 
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Now, 
fi(z)=sinz and g'(x) =2z. 
Thus, by ’Hopital’s Rule, the required limit exists 
and equals 
k i 1 i 1 
lim f(z) = lim e = = lim * =<. 


20 g(x) 20 2x 2x0 x 2 


(b) Let J = (0,2) say (or any other interval 
containing 1 and with all x € I satisfying 
5a +3 > 0) and define 


f(z) = (5x +3) — (x +3)? and g(z)=2-1, 


where x € I. 
Then f and g are differentiable on J, and 
fO) = g(1) = 0. 
Thus f and g satisfy the conditions of l’H6pital’s 
Rule at 1. 


Now, 

f(a) = 3 (5a + 3)-2/9 — t(s +3)? 
and 

g'(z)=1. 


Since g'(1) = 1 #0, and f’ and g' are both 
continuous, we deduce, by the Combination Rules 
for continuous functions, that 
fla) ra _ gx} 1 
wi g'(x)  g'(1) 1 6 
Thus, by lHôpital’s Rule, the required limit exists 
and equals z. 


(c) Let I = R and define 


f(£)=sinhr-z and g(x)= sin(x?) (x €R). 


Then f and g are differentiable on R, and 
f(0) = g(0) = 0. 


Thus f and g satisfy the conditions of l’H6pital’s 
Rule at 0. 


Now, 
f'(z) =cosha—1 and g’(x) = 2x cos(x?°). 


Thus, by ’Hopital’s Rule, the required limit exists 
and equals 
f(z) 


290 g(a) 


cosh x — 1 
<i (+1) 
«+0 2x cos(x?) 
provided that limit (*1) exists. Here 


f'(0) = 9/(0) =0 
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and so we cannot apply l’Hopital’s Rule at this 
stage. However, both f’ and g’ are differentiable 
on R and f’(0) = g'(0) = 0 so f’ and g' satisfy the 
conditions of ’Hopital’s Rule at 0. 


Now, 
f"(x) =sinhx 
and 


g' (x) = 2cos(x”) — 4x? sin(x?) (ax € R). 


Thus, by ’Hopital’s Rule, the required limit exists 
and equals 
ac! me sinh z 


a0 g" (a) 230 2 cos(x?) — 4x? sin(x?) 


(*2) 


provided that limit (x2) exists. 


Since g”(0) = 240, and f” and g” are both 
continuous, we deduce, by the Combination Rules 
for continuous functions, that 


f(a) _ f") _0_ 


z>0 g'(x) “2 


g(0) 2 
Hence limit (*2) exists and equals 0. 


It follows that limit (x1) exists and equals 0, so the 
required limit also exists and equals 0. 


(d) Let J = R and define 
f(z) =sinh(z+sinz) and g(x) = sinz 

Then f and g are differentiable on R, and 
(0) = g(0) = 0. 


Thus f and g satisfy the conditions of l’H6pital’s 
Rule at 0. 


Now 
f'(x) = (14+ cos x) cosh(x + sin x) 
and 
g'(x) = cos z. 
Since g'(0) = 140, and f’ and g’ are continuous, 


we deduce, by the Combination Rules for 
continuous functions, that 


f'(x) — f'(0)  2cosh0 | 
oP oo 
Thus, by ’H6pital’s Rule, the required limit exists 
and equals 2. 


2, 
x0 g'(x) 
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(x €R). 
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Additional exercises for Unit F3 


Section 1 


Additional Exercise F24 


Consider the function 


1—|z|, -l<a<1l, 
T S 
F(a) tt oo 


Sketch the graph of f and identify min f, max f, 
inf f and sup f (if they exist). 
Additional Exercise F25 


Let f be the function 


oe te -1 <z< 1, 


z? z=4L 


Evaluate L(f,P) and U(f, P) for each of the 
following partitions P of [—1, 1]. 


(a) P = {[-1,-3], [-4, 0], (0, 51.15, 1]} 
(b) P=({[-1,—4] [-a) 4) (3, U} 


Additional Exercise F26 


Let f be the function 
l=2, 0<zr<l, 
x)= 
fla) H g= 


(a) Using the standard partition P, of [0,1], 
evaluate L(f, Pa) and U(f, Pa). 


(b) Deduce that f is integrable on [0,1], and 
1 
evaluate f f. 
0 


Additional Exercise F27 


Use Theorem F45 to prove that the constant 
function 


f(z) =e 


is integrable on [a,b] and 


ee 


(x € [a,b]) 


Additional Exercise F28 


Prove that the function 
l+a, O0<2<1, z rational, 
f(z) = ae 
l-a, O0<2< 1, zx irrational, 


is not integrable on [0,1]. 


Additional Exercise F29 


Prove that if the functions f and g are integrable 
on [a, 6], then so is the function max{ f, g}. 
Hint: 


max{ f (x), 9(2)} = (f (£) + g(x) + | f(z) — 9(2))). 


Section 2 


Additional Exercise F30 


Using the table of standard primitives and the 
Combination Rules, write down a primitive F(x) of 
each of the following functions. 


(a) f(x) = (z? - 9)? (a € (3,00) 
(b) f(x) = sin(2x + 3) — 4cos(3a — 2) (a € R) 
(c) f(z) =e**sin3c (x € R) 


Additional Exercise F31 
For the function f in Additional Exercise F30(c), 
find a primitive F for which F(z) = 0. 
Additional Exercise F32 


Evaluate each of the following integrals, using the 
suggested substitution where given. 


T/2 
(a) f tan(sin x) cos x dx, u = sinz. 


o f E (tan7 1 
ae £z, u=tan T 

0 o 

o f” sin 27 

o 1+3cos?a 

a f se" log x dx 

1 
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(6) f log(log x) dz 


T 


4 dx 
O | mge we 


am /2 z 
(g) | ie. u = tan(52). 


2 + cos x’ 


Hint: In part (g), use the identity 
cos? (4x) — sin? (4x) i= tan? ($2) 
~ cos2(dx)+sin?(dx) 14 tan2(da 


) 


Additional Exercise F33 


e 

Let In = f x(log x)” dz, n= 0,1,2,.... 
1 

(a) Prove that 


la~ le? — $nIn—1, for n =1,2,.... 


(b) Evaluate Ip, J1, I2 and Is. 


Section 3 


Additional Exercise F34 


Prove the following inequalities. 


1 
1 
(a) f zè YA +a) de < 5 
0 
x4 1 
Se ae 
(b) f (1 + 3297)1/2 dx > 10 


Additional Exercise F35 


Prove the following inequalities. 
1 1 1 30 
(a) =< I L dz < 2 


o> 0 2— 799 
22 
x*(x — 3) sin 9x 
b ——.—_ dz| < 4 
(b) i [pn 2 < 


Additional Exercise F36 


(a) Show that 


| dz _ 
a(log x)3/2 


and hence prove that 


—2(log a, 


co 


1 
———. is convergent. 
>, n(log n)3/2 
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(b) Show that 


dx 
—— = lop(l 
-= og(log z), 


and hence prove that 


oO 


L o oa 
) — is divergent. 
gn logn 


Section 4 


Additional Exercise F37 
Use Stirling’s Formula to estimate each of the 


following numbers (giving your answers to two 
significant figures). 


o (a) (3) 


Additional Exercise F38 


400!/8007 
(100!)# 4400 


Use Stirling’s Formula to determine a number A 
such that 
(8n)! see" 


(Cy) ~ Ama as 1 —> oo. 


Additional Exercise F39 


Use Stirling’s Formula to prove that 
3n 3 3 
i oa Ace, 2n as n —> œo. 


Additional Exercise F40 


Let A be the set of positive functions with domain 
N and consider the relation defined on A by 
f(n) 


f~g if —=— >11 asn> oœ. 
g(n) 


Show that this relation is an equivalence relation. 


Remark: You met this relation in connection with 
Stirling’s Formula in Section 4 of Unit F3. There, 
we wrote f(n) ~ g(n) as n > œ or simply 

f(n) ~ g(n) as shorthand for the definition given 
above. 
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Solution to Additional Exercise F24 
The graph of f is shown below. 


First, inf f = 0 since 
1. f(x) > 0, for all x € [—1, 1], 


2. if m’ > 0, then m’ is not a lower bound for f on 
[—1,1] because the sequence (1 — 1/n) is 
contained in [—1, 1] and 


(lei) Slain) 


1 
=- 70 an-ow. 
n 


Also, min f does not exist, since there is no point x 


such that f(x) = 0. 

Next, max f = 1 since 

1. f(x) <1, for all x € [—1, 1], 
2. f(-1) = f(0) =F) =1. 


Finally, sup f = 1, since f has maximum 1 
on [—1, 1]. 


Solution to Additional Exercise F25 


The graph of f is shown below. (This is included 
to aid your understanding — you do not need to 
sketch the graph as part of your solution.) 


YA 
14 


(a) 
4 
L(f, P) = > mi Ox; 


j=l 
= (5 x x) + (0 x 3) + (0 x 5) + (3x 
=} 
4 
U(f, P) = X M; 62; 
i=1 
= (1x 3) + (3x3) + (gx) +(x 
=} 
(b) 
3 
L(f, P) = >) mi da 
1=1 
1 


Solution to Additional Exercise F26 


The graph of f is shown below. (This is included 
to aid your understanding — you do not need to 
sketch the graph as part of your solution.) 


ol 4-1: 1 @ 
n n 
(a) We have 
1 1 2 —1 
m= tal teal Pat 
n n'n n 
i—l 3 , 
On | l, for i= 1,2, .. n — 1, we have 
n 


Nie 
x 


dle 
x 
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Also, Mn = 0, Mn = f(1) = 2, and 
1 
6a, ==; fori =1,2,...,n. 
n 
Hence 


L(f, P) — `> Mui OX; 


1. 1 . 
=-—xn-—=) i 
n oar 

1 1 
_, 1, net) 

n2 2 
ao : 
= a 5 nO 


i=l 
n—-l1 
—1\1 1 
PIO 
~ n n n 
i=l 
| i ') 2 
n4 n n 
i=l 
E 1 i 
=> 1+---)+- 
n n T} n 
i=l 
m=i 1 i 2 
= Le a) a+ 
n n n n 
i=l 
n?—1 1 (n-1)n. 2 
= 7 — 29 k 
n n 2 
1 1 5 


=5 R m? as n — oo. 


(b) Since ||Ph|| > 0 as n > œ, and 
Jim L(f, Pa) = lim U(f, Pa) = 3, 


it follows from Theorem F45 that f is integrable 
on [0,1] and 


[=a 


Solution to Additional Exercise F27 


The standard partition P,, of [a,b] consists of n 
subintervals [7;_1,7;], 7 = 1,2,...,n, each of length 
ôx; = (b — a)/n. Also, 


m=M;=c, fori=1,2,...,n. 
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Thus 
n M b = 
Lf, Pay= 3 mtay= > e “ =c(b-a), 
i=1 i=1 


n 


U(f, Pr) a a 
i=1 a1 


Since ||P,,|| — 0 as n — oo, and 
Jim L(f, Pays lim U(f, Pa) = cb — a), 


it follows from Theorem F45 that f is integrable 
on [a,b] and 


[f= e0-0 


Solution to Additional Exercise F28 


The graph of f is shown below. (This is included 
to aid your understanding — you do not need to 
sketch the graph as part of your solution.) 


= c(b—a). 


YA 
2- e 
wy ya l+2,r EQ 
ne 
Gl gods j 
TE n 


Let P, be the standard partition of [0, 1]: 


(eaha E 


Both rational and irrational points are dense in the 
subinterval 


i—l i ; 
| +, fori = 1,2,...,n. 


n n 


Also, 


at the rational points, f(z) = 1+ r> 
1-2 


= 1, 
at the irrational points, f(x)=1-— «x< 1. 


Hence 
i i 
m,=1-- and M;=1+-—. 
n n 


Also, 
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l 1 . 
= = X n— — i 
n n2 4 
¿=l 
1 1 
n 2 
ee! 1 
2 m 


U Pn) = >) Mi day 


1 = n(n+1) 
= ee 
ay 2 
3,1 
2 m 


Now ||P,|| —> 0 as n > œ, and 
$ — 1 3 — å 
Thus f is not integrable on [0,1], by Theorem F46. 


Solution to Additional Exercise F29 


Since f and g are integrable on [a,b], so is f — g, 
by the Sum and Multiple Rules, and so therefore is 
|f — g|, by the Modulus Rule. 


Hence the function 


max{f,g} =4(f+9+|f-—gl) 


is integrable on [a,b], by the Sum and Multiple 
Rules. 


Solution to Additional Exercise F30 


Using the table of standard primitives and the 
Combination Rules, we obtain the following 
primitives. 


(a) F(x) = $2(2? — 9)! — 3 log(x + (x? — 9)1/?) 
(b) F(x) = —$ cos(2x + 3) — $sin(3a — 2) 
(c) F(x) = fe?" (2sin 3x — 3cos 3x) 
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Solution to Additional Exercise F31 


Since all primitives of f differ only by a constant, 
by Theorem F55, we take 


F(x) = c + fe?" (2sin 3x — 3cos 3x) 

and choose a value of c such that F(a) = 0. Thus 
0= Fo) =c+ he” (2sin 37 — 3 cos 37), 

so 


—_ 3 27 
c= 13€ " 


Solution to Additional Exercise F32 


(a) Let u = sin z; then 


d 
S cosx, so du = cosg dz. 
dx 
Also, 
when x = 0, u=0, 


when z = 7/2, u=1. 


Hence 
T/2 1 
f tan(sin x) cos x dz = f tan u du 
0 0 

= [log(sec uo 
= log(sec 1) — log 1 
= log(sec 1). 

(b) Let u = tant x, so x = tan u; then 


dx 


—=sec?u, so dx = sec? udu. 
du 
Also, 
when tz =0, u=0, 
whenz=1, u=7/4. 
Hence 
1 -1 42 
t 
Tea 
0 1 + xv 
T u? sec? u 
= ——,— du 
o 1l+tan*u 
T/4 
= f u’du (since 1 + tan? u = sec? u) 
0 
T/4 
= [3u°),° = 7?/192. 
(c) Since 


sin 2x 7 2 sin x cos x 
1+3cos?xz  1+3cos2? z 


g'(x) = —6 cos z sin z, 


where g(x) = 1 + 3 cos? z, 
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the integral is of the form —4 f g!(x)/g(«) da. 
Thus, by equation (17) in Section 2 of Unit F3, 
sin 2x 


T/2 
a e 
1 1+3costa 


= -4log 1 + 4 log 4 
= $log2. 


|-4 log(1 + 3 cos? x)]| 0 


(d) Here we use integration by parts, with 
f(z)=logx and g'(x)= 8r"; 

then 
f'(z)=1/x and g(x) =2°. 


Hence 
e z e gl 
f 82" log £z dz = [č log x]; - f x° — dx 
1 1 T 


(e) Here we use integration by parts, with 


f(x) = logoga) and g'(2) ==: 


then 
f'(x) = : T and g(x) =loga 
~ lgz z JNT) = 0E T: 
Hence 
2 
e log(l 
or 
x 
i e? e? logg 
= [log(log x) log <] -f dz 
S e xlogg 
e2 
= 2log 2 — log 1 — [log a], 
= 2log 2 — (2 — 1) = 2log2 — 1. 
(£) Let u = y7, so £ = u’: then 
ae 2u, so dx =2udu. 
du 
Also, 
whenz=1, u=1, 
when x = 4, u=2. 
Hence 
f dx [ 2u 
ZER z du 
1 (l+2)fe J Q+u’)u 
= [2 tan~! uli 
= 2tan™! 2 — 4/2. 
(g) Let u = tan(x); then 
2 
d = 5 sec*(42r), so dz = TE du, 


T/2 
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since sec?($x) = 1 + tan? ($x). 
Also, 


when x = 0, 
when z = 7/2, 


u=0, 
u=l. 
Next, by the given identity, 


1 — tan?(5z) _1-wv 


=< + tan? ($x) — Ll+u?? 
so 
1 1 1+u? 
2Q+cosz 2+(1—w)/1+u2) 3Fu? 
Hence 


dx ee 2 i 
— Z —— U 
o 2+cosz o 3+u? 14 u? 


-f 
0 3 +u? 


Solution to Additional Exercise F33 
(a) Here we use integration by parts, with 
f(x) = (log z)” 
then 
fi(z)=n(logz)*"*a* and g(x) = $2”. 


and g'(x) = zx; 


Hence 


€ 
i= [527 (log a tl -j 5x" n(log x) ¢—| dx 
1 


e 

in f (log x)" dx 
1 

inIn-, for n > 1. 


Using the formula from part (a), we obtain 


ee 

I, = 5e zlo 
1,2_1/1,2_1\_ 1211 
= ge =al =) a as 

h=} -—4x2xh 

i2 FS ijy i2 _ i 
= oe (Ze +4) 3e TDP 

B=} -}x3xh 
ee Ce ee eee ene 
= Ze 5 (ze 1) = 5e t3 
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Solution to Additional Exercise F34 
(a) If x € [0,1], then 

x? /2(1 + 2%) < 2° /2(1 + 1) = 22°. 
Hence, by Inequality Rule (a), 

[ ANa < [a 

= [l= 4 

(b) If a € [0,1], then 

1+30°7 <143=4, 
so 


xÍ xt 


= ee ee 
(1 + 3x97)1/2 = 41/2 ZY 


Hence, by Inequality Rule (a), 


1 at oy i 
— dr > =x d. 
[ (1+ 3297) r> | ae 


1 1 1 


= Pa = 0 
Solution to Additional Exercise F35 
(a) If x € [0,1], then 

Leis a iS) 


and 


SO 


for x € [0,1]. 


Since the length of [0,1] is 1, it follows, by 
Inequality Rule (b), that 


1 30 
1 
i< TF de< 2. 
o 2-2 


(b) If x € [0,2], then 1+ 27° > 1 and |sin9a| < 1, 
so 


x*(x — 3) sin 9x < 2In —3 
1+ 420 

= x?(3 — 2) 

= 3x7 — z’. 


Solutions to additional exercises for Unit F3 


Hence, by the Triangle Inequality and Inequality 
Rule (a), 


2 Dh 8) at 2 
1 x (x 3)sin 92 a, <f 
0 14+ 720 0 
2 
<f (3x? — 23) dx 
0 


2 
= [z — 42"), 


=8-4=4. 


x(x — 3)sin 9x 


1+ 470 ae 


Solution to Additional Exercise F36 
(a) Let u = log z; then 


du 1 £ 

— = —, so du=—. 

dr zx x 
Hence 


/ dz = du 2 2 
a(logx)3/2 J u3? u2 (log x) 1/2” 
Now let 


f(x) : 


~ x(log x)3/2 


Then f is positive and decreasing on [2, o0), and 


(x € [2, 00)). 


f(x) 30 as z > o. 


Also, for n > 2, 
fth r" 
2 2 w(log x)3/ 
- [iea], 
7 (log x)1/2 2 


1 1 2 
sI p ae a a 
( (log2)"/2 (log A ~ (log 2)!/2 
Since the sequence ( f r) is bounded above, it 
2 


2 
follows from part (a) of the Integral Test that the 
series converges. 


(b) Let u = log x, as in part (a). Then 


/ a = f Č = 1ogu = tog log.) 
x log x u 


Now let 


1 
a= x log x 


(x € [2, 00)). 


Then f is positive and decreasing on [2, co), and 


f(z) 30 as z > ov. 
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Also, for n > 2, 


hs “he 


= | log(log x)|5 

= log(log n) — 

Hence, by part (b) of the Integral Test, the series 
diverges. 


ar 


Solution to Additional Exercise F37 


In each part we approximate the factorials using 
Stirling’s Formula. 


(a) 
(m) (5) = m 
200 2 200! 200! 2400 
_ __ ¥8007 (400/¢)4° 
~ (v 1007 (200/e)200)? 2400 
_ ir VB 
4007 40/7 
= ae = 0.040 


400! 


(to 2 s.f.). 


(b) 
400! /8007 _ 
(100!)4 4400 ~ 


8007 (400/e)4°° /8007 
(2007 (100/e)10) * 4400 
8007 

(v 2007 )4 


= 0.0064 (to 2 s.f.). 


~ 507 


Solution to Additional Exercise F38 


By Stirling’s Formula, and the Product and 
Quotient Rules for ~, we obtain 


(8n)! _ Vv 16mn (8n/e)®” 
((2n)!)4 (in (2n/e)2”) * 
o vi6mn 4 1 4%! 
=od ee ee 
Hence 
d= 1/7. 


log(log 2) + co as n > oo. 


Solutions to additional exercises for Unit F3 


Solution to Additional Exercise F39 


By Stirling’s Formula, and the Product and 
Quotient Rules for ~, we obtain 


_ (3n)! 


n! (2n)! 
7 Vörn (3n/e)>” 

V2rn (n/e)” V4ann (2n/e)2” 
B 4/3 (8n)3" 


= Ann n” (2n)2” 


3 33n 
T V inn 2’ 


as required. 


Solution to Additional Exercise F40 


Recall from Unit A3, that we need to show that 
the relation is reflexive, symmetric and transitive. 
As earlier, we label these three properties as E1, 
E2 and E3, respectively. 


E1 Let f € A. Then 
f(n) 


= =] > 1 asn> oœ. 
f(n) 


Thus ~ is reflexive. 


E2 Let f,g € A and suppose that f ~ g. Then 


fn) >lasn-oow. 
g(r) 

It follows from the Quotient Rule for limits that 
gin) _ 1 1 
—— >+>-=lasn>o. 
f(n) — f(n)/g(n) 


Hence g ~ f and so ~ is symmetric. 


E3 Let f,g,h € A and suppose that f ~ g and 
g~h. Then 


HOMT PELO as n — oo. 
g(n) h(n) 
It follows from the Product Rule for limits that 


1 
TORLU RE EE as n —> oo. 
h(n) g(n) h(n) 1 
Hence f ~ h and so ~ is transitive. 
We have now shown that ~ is an equivalence 
relation. 
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Additional exercises for Unit 


Additional exercises for Unit F4 


Section 1 


Additional Exercise F41 


Determine the tangent approximation to the 
function 
f(z) =2-32+27 +e” 
at each of the following points a. 
(a) a=0 (b) a=1 


Additional Exercise F42 


Determine the Taylor polynomial of degree 3 for 
each of the following functions f at the given 
point a. 


(a) f(x)=log(1 +z), a=2. 
(b) f(x)=singz, a=7/6. 
(c) f@)—=O+2)7, a=}ż. 
(da) f(x)= tanz, a= nr/4. 


Additional Exercise F43 


Determine the Taylor polynomial of degree 4 for 
each of the following functions f at the given 
point a. 


(a) f(x) = cosh z, 
(b) f(z) =2°, 


a= 0. 


a=1. 


Additional Exercise F44 


Let 73 be the Taylor polynomial of degree 3 at 0 
for f(x) = e”. Use a calculator to show that 


|e?! — 73(0.1)| < 5 x 1076. 


(The Taylor polynomial of degree n at 0 for e” was 
found in Exercise F59(a) of Unit F4.) 


Section 2 


Additional Exercise F45 


By applying Taylor’s Theorem with n = 2 to the 
function f(x) = sing at a = 7/4, prove that, for 
sin £ = — 


xz ETA, 
= +z d7) 
m -D) -S-D 


where c lies between 7/4 and z. 


Additional Exercise F46 


Find the Taylor polynomial T;(x) at 0 for the 
function f(x) = sinh z, and use your answer to 
calculate sinh(0.2) to four decimal places. 


Additional Exercise F47 


(a) Find the Taylor polynomial T3(x) at 2 for the 
function f(x) = x/(x +3). 

Show that T(x) approximates f(x) to within 
6 x 1075 on the interval [2, 3]. 


(b) 


Section 3 


Additional Exercise F48 


Determine the radius of convergence of each of the 
elie power series. 


(3n)! X n! 
2 aking pe 
O ppe? OP 2 m @™) 5)” 
oO gr 
(©) D (n+1)” 
Hint: In part (b) you may find it helpful to use 


the fact that (1 + 1/n)” > e as n > oo. 


F4 
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Additional Exercise F49 


Determine the interval of convergence of each of 
the following power series. 


(a) Soa") ety 
n=0 n=1 
Section 4 


Additional Exercise F50 


Determine the Taylor series at 0 for each of the 
following functions. In each case, indicate the 
general term and state a range of validity for the 
series. 

(@ fe) =loe( 


1+ 22 
1— 2a 


cosh x 


) ©) f@= 


1-2 


Additional Exercise F51 


Determine the first three non-zero terms in the 
Taylor series at 0 for the function f(x) = e” sinz, 
and state a range of validity for the series. 


Additional Exercise F52 


(a) Find the Taylor series at 0 for the function 
F(z) = (1-2). 

(b) Use your solution to part (a) to find the 
Taylor series at 0 for the function 
g(x) =sin~! z, and state a range of validity 
for this series. 


Additional exercises for Unit F4 
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Solutions to additional exercises for Unit F4 


Solutions to additional exercises for Unit F4 


Solution to Additional Exercise F41 


The tangent approximation to f at a is 
f(z) = f(a) + f'(a\(@— a). 
(a) We have 


f(£)=2-— 3r +z? +e”, f(0) =3; 
f'e) =-3+2z+e,  f'(0)=- 


Hence the tangent approximation at 0 to f is 
f(x) ~ 3-— 2(x — 0) = 3 — 22. 
(b) We have 


f(z) =2— 3r +z? +e”, f(1)= e; 
f(z) = —3 + 2 +e, F'A)=-—1 +e. 


Hence the tangent approximation at 1 to f is 


f(x) ~ e+ (e-1)(z-1). 


Solution to Additional Exercise F42 


(a) We have 
f(z)=log(1 +z)  f(2) = log3; 
F(=) =1/1 +2), fi) = 1/3; 
f”(£)=—1/(1 +x)? f”(2) = —1/9; 
FO(x) =2/1 +2)’, f®O(2) = 2/27. 


Hence 


T3(x) =log3 + $(a — 2) — (£ - 2? 
+ f(x — 2. 
(b) We have 


f(x) = sinz, f(7/6) = 1/2; 

f'(x) = cosa, f'(1/6) = V3/2; 
f"(e)=-sing, f"(n/6) = —1/2; 
f(z) =- cosg, f?(a/6) = —V3/2. 


Hence 


2 6 6 
V3 T\3 
~ 712 (z 7 a 

(c) We have 

f(z) =(1+2)"?, f(4) = 4/9; 

f'(2) =- aL + ay * i f'(4) = —16/27; 

f(a) =6(1 +2), f" (3) = 32/27; 

fO(@) =-240.+2)%, JOG) = 256/81 
Hence 


D(a) =$- Ble 3) + Be 4? - Be 


(d) We have 
f(x) = tanz, f(m/4) = 1; 
F(E) = sec? z, f"(a/4) =2: 
f(x) = 22sec? z tan z, F" (JA = 4; 


JO (x) = 4sec? x tan? x + 2 sect z, f® (1/4) = 16. 


Hence 


na =142(¢-4) 422-2) +8 (3) 


Solution to Additional Exercise F43 
(a) We have 


f(x) =cosha, f(0)=1; 
f(z) =sinhz, f'(0)= 
f"(x)=coshz, f”(0)= 1; 


f(a) =sinhx, f(0) =0; 
f(z) = cosh z, f(0) =1. 
Hence 
Ty(v) = 1+ $x? + yar. 
(b) We have 
f(z) =2°, fQ) =1; 
f'(2) = 52%, f'(1) = 5; 
f"(£) =20r3, (°C) = 20; 
fO (a) = 602°, f®(1) = 60; 
f(x) =1202, fH (1) = 120. 
Hence 
Ta(x) =1 + 5(@ — 1) + 10(z — 1)? + 10(2 — 1)? 
+5(z — 1) 
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Solution to Additional Exercise F44 


From Exercise F59(a) of Unit F4, we have 


2 r3 


Ty(e) =1+e+54+5, 
SO 
T3(0.1) = 1 + 0.1 + $(0.1)? + 4(0.1)° 
= 1.105 16. 


Since 
e° = 1.105 170918... , 
we have 
let — 73(0.1)| = 1.105 170918... — 1.105 16 
< 1.105 170919 — 1.105 166 666 
= 0.000 004 253 < 5 x 107°, 


as required. 


Solution to Additional Exercise F45 
We have 
f(z)= sinz, 
f'(x) = cos z, 
f" (x) = —sing, 
f(x) = —cosz. 


f(a /4) = 1/V2; 
f'(n/4) = 1/v2; 
f"\(n/4) = -1/V2; 


Hence, by applying Taylor’s Theorem to f at 
a= 7/4, with n = 2, we obtain 


. 1 1 T 
sns= 5 + (2-7) 
Z 5 (z — T + Ro(z), 
where 
= FP (@-9) =F) 


for some c between 7/4 and z, as required. 


Solution to Additional Exercise F46 


We have 
f(x) =sinha, — f(0) =0; 
f(z) =cosha, — f’(0) =1; 
f"(e) =sinhx, — f"(0) = 0; 
f°'@)=coshe, FO) =1; 
f%(c) =sinha, f“(0)=0 
Hence, with a = 0, 
= l ae: 
T4(x) =g+ ae = 2+ 2 : 


Now we use Strategy F11 with a = 0, x = 0.2 and 
n=A, 


Solutions to additional exercises for Unit F4 


1. First, 
f(x) = cosh a. 
2. Thus, for c € [0,0.2], we have 
|) (c)| = cosh < cosh(0.2) < cosh 1. 
Now 
cosh 1 = $(e+e7') < $(3+1/2) = 7/4, 
so we can take M = 7/4. 


3. Hence 
| f(0.2) — T4(0.2)| = |R4(0.2)| 
Zoen 
~ (4+1)! 
_ 7/4 
~ BL 
= 4.6 x 107° < 5 x 107°. 


|z = qe 


|0.2 — o|° 


Finally, 

T4(0.2) = 0.2 + $(0.2)* = 0.2013. 
Hence 

0.20132833... < sinh(0.2) < 0.20133833... 
SO 


sinh(0.2) = 0.2013 (to 4 d.p.). 


Solution to Additional Exercise F47 
(a) We have 
f(x) =2/(x +3), 
f'(w) = 3/(a +3}, 
f" (æ) = —6/ (z +3), 
fO(z) = 18/(x + 3)4, 


Hence 


(2) = 2/5; 

f"(2) = 3/25; 
f"(2) = —6/125; 
f)(2) = 18/625. 


Ta(x) = $+ &(e- 2) a 2) + ee 
(b) We use Strategy F12 with I = [2 5], a= 2, 


2 
r=4andn=3. 


1. First, 
fO (£) = -72/(x +3). 
2. Thus 
72 72 
(4) = eae fi 2 5 
o= aaa Sg free 2G), 


so we can take M = 72/55. 


3. Hence 


1 4 
=3(5) =6x 10°. 


Thus 73(x) approximates f(x) to within 6 x 1075 


Solution to Additional Exercise F48 
(a) Here an = (3n)!/(n!)?, for n = 0,1,2,..., so 


Anti; (8n+3)! (nl)? 
an | ((n+1)!)2 ^ (3n)! 
_ (3n + 3)(8n +2) (3n + 1) 
(n+1)(n+1) 
_ (8+3/n)(3 +2/n) 
Tea A 
Thus wth > oo as n —> oo. 


Hence, by the Ratio Test, the radius of convergence 


is 0; the power series converges only when x = —2. 
(b) Here a, = n!/n”, for n =1,2,..., so 
An+1 (n+ 1)! n” 
= —— XxX — 
an (n+1)rt! n! 


n n 
7 ( + :) 
=1/(14+1/n)" > 1/e asn>o. 
Hence, by the Ratio Test, the radius of 
convergence is e. 


(c) Here a, = 1/(n +1)”, for n =0,1,2,..., so 


An+1 = 1 x (n+ 1)" 
an (n+ 2)r+1 1 
o (n+l) . 1 
~ (n+2)" ^ n+2 
1 
< 73 > 0 an> oo. 
n 


Hence, by the Ratio Test, the power series 
converges for all x; that is, R = oo. 

Solution to Additional Exercise F49 
In each case, we apply Strategy F13. 

(a) Here a, = 2"/n!, for n =0,1,2,.... 


Solutions to additional exercises for Unit 
1. Since 
An+1 gn+1 n! 
—_ x — 
an (n+1)! 2” 


> 0 as n > oœ, 


n+1 

we have R = ov, by the Ratio Test. 
Thus this power series converges for all x, so the 
interval of convergence is R. 
(In this case, there are no endpoints to check.) 
(b) Here an = 2” /n, for n = 1,2,.... 
1. Since 
gn+1 n 


x— 
Qn 


An+1 
an 


n+1 
~ T41/n 
we have R = 5; by the Ratio Test. Since a = —1, 
this power series 


32 as n> oœ, 


e converges for -3 <r < —4, 
3 


e diverges for x > —4 and x < —§. 


2. y= —4, then the power series is 
oO [0.0] 
2i ” 1 
ig at a 
n=1 n=1 


which is a basic divergent series. 


r= —3, then the power series is 
ioe) (oe) 
gn 3 (—1)” 
5 -3 41) = ` en 
n ( 2 + ) n , 
n=1 n=1 


which is convergent, by the Alternating Test. 


Hence the interval of convergence is [-3, —3). 


Solution to Additional Exercise F50 


(a) We have 
1+ 2x 
= log(1 + 2 log(1 — 2x). 
log ( 25) = low(t + 2x) —tog(a — 22) 
We know that, for |x| < 1, 

r? g? g” 
log(1 e E —4)yrtitia.... 
og(lta)=2@- > +5 PEI 

Thus, for |2z| < 1, 
log(1 + 22) 
4r? 8r’ Dege 
= 2z- — +> LITE hs 
j 2 3 HSN n + 
and 
log(1 — 27x) 
Az? 8r? 22eg” 
a A A T 
2 3 n 


F4 
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Solutions to additional exercises for Unit F4 


Hence, by the Sum and Multiple Rules, Solution to Additional Exercise F52 
1+2 
toe (5 = =) (a) By the General Binomial Theorem, 
— 2r 
o0 1 
= log(1 + 25) = log(1 = 2x) (1 29 a) t? = >D (3) (—2)", for |z| <1 
1623 92k+2 p2k-+1 er 
= 4¢ + —— 4 --- + ———— + --- 7 = 
3 2k +1 where 
for |x| < 1/2. i 
(b) We know that, for |z| < 1, ( 7) =1 
1 
7 me —l\(—3)\(—5 -l n+ 
and, for x € R, ( a U ) enen 
n n! 
2 4 2n 
obros ilg e de + Hence 
2! Al (2n)! a 1/2 
z 
Hence, by the Product Rule, i 4% i 
cosh z =1+ 540 + gu began (GE) atte, 
1-2 for |z| < 1. 
ae 2 
- (145+ pte) 0+e+e +e) (b) We know that 
=] 1 1 2 1 1 3 e sin™t a = aE 
=1+r+ + aI xu + + aI x dz 1—2 
1 1 1 1 i 2 
af p02 ee ge lea ao 4... , BY part (a), with æ replaced by 2", we have 
2! A! 2! 4! 1 
for |x| < 1. Thus, for |z| < 1, V1 — x2 
1 
= 1,2, 3,4 =3 \ n2 
coshha = m Li 1 =1+ 52° + 3% tetep (TE) a pee, 
= Soo , where an = y PE 
1-2 a0 pam (2k)! for |x| < 1. Hence, by the Integration Rule, 
5 Sas 3 sint g =x + 4r? + pa 
Solution to Additional Exercise F51 ard 
4 =D? f= at ygan. 
We know that m+1i\n ’ 
e =ltat gat iart+e:, for |x| < 1, since sin™t 0 = 0. 
for £ € R, and Remark: The coefficients in this Taylor series can 
, w be written as 
for x ER. Ian+i\nj 2n! (2n +1) ? l 


By the Product Rule, 
f(x) =e” sin x 
= (14a t ha? gatti) (e pate) 
=r — $r? +27 + ir’ 
+ powers of x greater than 3 
=g +r? +4? Ho ; 
for x ER. 
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